graphs, spectral statistics, billiards
We derive an exact expression for the two-point correlation function for quantum star graphs in the limit as the number of bonds tends to infinity. This turns out ν to be identical to the corresponding result for certain Seba billiards in the semiclassical limit. Reasons for this are discussed. The formula we derive is also shown to be equivalent to a series expansion for the form factor -the Fourier transform of the two-point correlation function -previously calculated using periodic orbit theory.
Introduction
The statistical distribution of quantum energy levels is a much studied topic. It has been conjectured that generic, classically integrable systems give rise to uncorrelated quantum spectra 1], while the energy levels of generic classically chaotic systems have the same statistical properties as the eigenvalues of random matrices 2]. This has beencon rmed by semiclassical theory 3, 4] , and in a large numberof numerical studies, but classes of systems have also been found for which it is not true these include geodesic motion on surfaces of constant negative curvature 5], and the cat maps 6].
Quantum graphs 7, 8] are mathematical models introduced in order to explore the connection between the periodic orbits of a system and the statistical properties of its energy levels. The trace formula, in which the level density is connected to a sum over periodic orbits, is exact for graphs, rather than a semiclassical approximation, and the orbits can be classi ed straightforwardly. However, despite the fact that numerical computations have revealed good conformance of the spectral statistics of many quantum graphs to the predictions of Random Matrix Theory (RMT), few conclusive analytical results have been obtained so far. This is due to the fact that although some individual nite graphs can beshown to reproduce certain features of RMT behaviour 9, 10, 11], the full RMT results can only be recovered in a limit in which one is forced to consider larger and larger graphs, and this necessitates nding general, combinatorial asymptotic techniques for dealing with the (non-trivial) length degeneracies of the periodic orbits.
One family of graphs in which this goal has been achieved are the star graphs 12] (de ned below and shown in Fig. 1 ), but in this case the resulting spectral statistics are neither RMT nor Poissonian (i.e. those of random numbers). It turns out, however, that it is not the rst time that such statistics have arisen in the connection with the study of quantum chaos. Our purpose here is to demonstrate that the star graphs have exactly the same two point spectral correlations as a large class of quantum systems, which w e will refer to as Seba billiards.
The original Seba billiard, a rectangular quantum billiard perturbedby a point singularity (also illustrated in Fig. 1 ), was introduced in 13] as an example of a system whose classical counterpart is integrable (the singularity a ects only a set of measure zero of the orbits) but which nonetheless exhibits properties of quantum chaos. This construction was later generalized to all integrable systems 14] perturbed in the same way. We will refer to any system in this class as a Seba billiard.
The energy levels of a Seba billiard can befound by solving an explicit equation which depends on the levels of the original unperturbed system and on the boundary conditions imposed at the singularity. This equation takes the general form
where (z) i s t h e meromorphic function (z) = X n j n (x 0 )j 2 E n ; z (2) the sum being suitably regularized to ensure convergence. Here fE i g are the eigenvalues of the unperturbed system, n (x 0 ) is the value of the nth unperturbed eigenfunction at the position x 0 of the singularity, and the coupling constant parametrizes the boundary conditions 13, 14] . Assuming that fE i g are given by a Poisson process, one can then calculate the associated spectral statistics, such as the joint l e v el distribution, asymptotics of the level spacing distribution 14], and the two-point spectral correlation function 15].
The results show the presence of spectral correlations but are substantially di erent from the RMT forms.
Here we apply the methods developed for Seba billiards in 15] to calculate the two-point spectral correlation function for star graphs, starting from an expression which is analogous to (2) . The formula obtained will be shown to be a resummation of the expansion computed from the periodic orbit sum in 12]. Our main result will be that this correlation function is the same as that already found for Seba billiards in the case when j n (x 0 )j 2 = constant (e.g. when the billiard is rectangular with periodic boundary conditions) and ! 1 . We nish with a discussion of reasons for this coincidence. de ned on the bonds and boundary conditions, for example Denoting the ordered sequence of eigenvalues by fk i g 1 i=1 , we de ne the spectral density by
The statistic we shall mainly be concerned with is the two-point correlation
where d = hd(k)i is the mean density, (x) is the Dirac -function, and the average h i is either over k, or over the bondlengths L j (we shall specify which in each particular context). R 2 (x) is an even function and hence so is its Fourier transform,
which is called the form factor.
A complete series expansion of the v ! 1 limit of K( ) in powers of around = 0 w as derived for the star graphs in 12] using the trace formula and a classi cation of the periodic orbits: 
and In this calculation, the average in (8) was over k. The result is in excellent agreement with the numerical data (see Fig. 2 ) but is limited by the fact that the radius of convergence of the series is nite, being approximately 0:63 (found by applying Cauchy's test to the coe cients in the series, but see also Fig. 2 ). The range of convergence can be extended using Pad e approximation (again, see Fig. 2 ), which suggests that the singularity causing the divergence is not on the positive real line 16].
Here we approach the problem from a di erent direction: it is possible to solve equations (3)- (6) to derive an explicit condition on k to be an eigenvalue.
Indeed, the general solution of (3) where is arbitrary parameter. However, in the limit as v ! 1, xed, the two-point correlation function turns out to be independent of (see the comment following equation (49)). Our calculations will therefore be performed for ;1 = 0 . Note the similarity between (16) and the quantization condition (1) for Seba billiards when j n (x 0 )j 2 = constant.
Condition (15) means that k is an eigenvalue if and only if it is a zero of the function F(k) = P v j=1 tan L j k, and so we can express the density d(k)
Our analysis of the spectral correlations will be based on this representation.
Mean density.
As an example of the techniques to be employed later, we begin by calculating the mean density d de ned as
where now the average is with respect to the individual lengths of the bonds, rather than over k:
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That is, we assume that the lengths are independent random variables dis-
We also assume that L and k tend to their respective limits in such a w ay that Lk ! 1 .
Applying this averaging to (17) we obtain 
where O(1) is a quantity which is bounded as k L ! 1 . Similarly, The two-point correlation function is given by
where d is the mean density, the limit is taken in such a w ay t h a t k L ! 1 , and we take
with z = ( z 1 z 2 ).
In this case, the analogue of (20) is that
, where x is xed, and taking the limits k ! 1 , L ! 0 (while k L ! 1 ), we obtain for the rst integral 
Equation (54) constitutes an exact formula for R 2 (x) for star graphs in the limit v ! 1 . It is our main result. The point w e seek to draw attention to is that it is exactly the same as the one obtained in 15] for Seba billiards when j n (x 0 )j 2 = constant in (2) and ! 1. We will expand on this observation later. First, we consider some of the properties of the two-point correlation function and the form factor in more detail.
Expansion for large x
To derive an expansion of the two point correlation function R 2 (x) for large x we n o t i c e t h a t s i n c e M(;u) = M(u), the integral over the third quadrant in (54) is equal to the complex conjugate of the integral over second quarterplane, i.e. 
we see that the rst few coe cients of the two expansions agree. The proof that it is so for all coe cients is given by the following proposition. 
Our plan is to modify the integrand in the de nition of f R 2 (x), getting rid of the factor e 2i(u 1 +u 2 ) J(u), expand the integral in inverse powers of x and apply the correspondence rule (64) to recover (10) .
First of all, as one can verify by direct substitution of the series for (69) is exactly the integrand of (56) 
Singularities of the form factor
One can also obtain some information about the singularities of K( ) by Fourier transforming the integral representation (56). There is, however, a subtle problem associated with this approach. The form factor is by de nition an even function de ned on the real line. What we want to get from transforming (56) is an analytic function which coincides with the form factor for real > 0, so as to be able to study its complex singularities. The main contribution to the integral around these singularities is arg (2i=M(u s )) 0:737. By Darboux's Principle, the coe cients of the expansion (95) should comprise the leading contribution to large-order asymptotics of the exact coe cients given by (10) and (11) . To compare them we plot the exact coe cients na n = n against the approximate coe cients 2A cos( n + ). The result is shown in Fig. 3 
We can therefore rewrite (16) in a form similar to (1) when j n (x 0 )j 2 = constant. It thus becomes less surprising that the two point correlation functions of the two systems are the same, because in the limit v ! 1 the poles in (15) have properties similar to those o f a P oisson sequence. Third, from the mathematical point of view star graphs and Seba billiards are similar in that in bothcases the scattering centre corresponds quantum mechanically to a perturbation of rank one.
Finally, w e remark that our results demonstrate that, at least as regards the special case considered here, graphs are able to reproduce features of other, experimentally realizable, quantum systems, and also that they provide further con rmation that spectral statistics can be computed exactly using the trace formula when the periodic orbit statistics are known 12].
